Abstract-A technique for measuring the constitutive parameters of materials over a broad range of frequencies is developed in this work. The technique is specifically designed for planar samples. Planar samples can be placed in the measurement fixture without any special preparation; this makes the quire that the sample be machined to fit into a measurement fixture. The finite element method is used in the analysis of the fixture. Using fourth-order elements, the finite element method provides a general, very accurate solution. The technique is experimentally verified by measuring the constitutive parameters of two materials with known properties. The measured results be in good agreement.
I. INTRODUCTION technique which is specifically designed for measur-
A ing the constitutive parameters of planar samples over a broad range of frequencies is investigated in this work. Fig. 1 is a sketch of the fixture that is used in the technique. The material to be measured is placed between the two conducting plates which are attached to the coaxial lines. A planar sample can be placed in the fixture without any preparation; this is a definite advantage over techniques which require the sample to be precisely machined to fit into a waveguide, coaxial line, or other measurement fixture. In many of these techniques, the preparation of the sample is the most difficult part of the measurement procedure.
In the technique, the reflection coefficient and/or the transmission coefficient of the fixture are/is measured. If both are measured, both the complex permittivity and the complex permeability can be determined. If only one is measured, either the complex permittivity or the complex permeability can be determined. This step requires a very accurate relationship between the constitutive parameters and the reflection and transmission coefficients. Such a relationship cannot be determined analytically and must be determined numerically. The finite element method (FEM) is used to determine the relationship in this work.
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tute of Technology, Atlanta, obtain sufficient accuracy with reasonable computational efficiency. The technique is verified experimentally by measuring the constitutive parameters of materials with known properties.
IT. MEASUREMENT FIXTURE
The measurement fixture can be used in two configurations: in the first, the radial transmission line formed by the conducting plates is terminated with a metallic wall, and in the second, the radial transmission line is left open. The first configuration is easier to model accurately since it has a closed boundary except for the input and output ports; the metallic wall terminating the radial line can be modeled as a perfect electric conductor. However, with this configuration, the sample must be machined into a cylindrical shape before it can be placed in the fixture. The second configuration is more difficult to model since the radial transmission line is left open. However, with this configuration, a planar sample can be placed in the fixture without modification. In this work, the second configuration will be used, and the open end will be modeled by a perfectly conducting magnetic wall. Even though this model is only approximate, it will be shown that it is sufficiently accurate for a certain range of frequencies.
The model is easily incorporated into the finite element method, and the model is relatively good when the spacing between the plates is much less than a half of a wavelength in the sample. A better model would require that the geometry for the sample beyond the open end of the radial transmission be known. This would make the technique less useful, because it would require the sample to be machined into a certain shape, or it would require the geometry of the sample to be entered into the model. 0018-9456/92$3.00 0 1992 IEEE This work will concentrate on the second configuration since it does not require any machining of a planar sample. However, the finite element analysis developed in this work will accurately model the fixture in both configurations. Recently, Saed has investigated a similar fixture which is operated in the first configuration, and he analyzed it using a method of moments [ l ] . Others have investigated a related technique which also requires the sample to be machined into a cylindrical shape [2]-[3]. In this technique, the outer conductor is continuous, and the sample is placed in a gap between the center conductors. These investigators used a mode-matching technique in the analysis of their measurement fixture.
In order to calculate the practical frequency range of the technique, a simple model is developed and investigated. Fig. 2 is a sketch of a simple model for the measurement fixture. The model consists of input and output transmission lines, a capacitor, and an open-circuited radial transmission line. The capacitor models the capacitive coupling between the center conductors, and the radial transmission line models the conducting plates in the fixture.
When the sample is placed in the measurement fixture, it fills most of the capacitor and all of the radial transmission line. The admittance of the capacitor is approximately is the wave impedance, p, = p / p o is the complex relative permeability of the sample, b is the radius of the outer conductor of the coaxial line, and c is the outer radius of the radial line.
The reflection coefficient p and the transmission coefficient 7 of the fixture are primarily determined from the capacitance between the center conductors whenever the inequality is allowed to be smaller. From this simple model, it is apparent that the technique is much more sensitive to the permittivity of the sample than to the permeability of the sample. This is because p and 7 are primarily determined by Y, which is very insensitive to the permeability for the above frequency range. It is also apparent that 7 is more sensitive to the permittivity than p , especially at the lower frequencies where 7 = 2Yc/Y0 = j2wC,.C,,/Y0 and p = 1. Thus, for the experimental part of this work, only nonmagnetic samples are measured, and the permittivities of the samples are determined from 7.
FINITE ELEMENT ANALYSIS
The fields in the fixture are govemed by Maxwell's two curl equations,
where an eJw' time dependence is assumed. The vector Helmholtz equations are obtained from the curl equations,
c -)
Only axisymmetric TM modes will exist in the fixture, because the fixture is axisymmetric and the incident wave is TEM:
, ? = E,(r, z)? + E:(r, z)i. where k, = a & .
The two components of E can be obtained from H+ using one of Maxwell's curl equations (5). A solution to (10) subject to the appropriate boundary conditions is determined using the FEM. Galerkin's method is used in the formulation [ 5 ] , [6] . The region of interest is divided up into elements as in Fig. 4 . The elements are arranged so that they are small were the field varies the quickest and are large where the field varies more slowly. The electric field in the fixture is singular at the comers of the inner and outer conductors (V * (rH,) is singular); hence, the elements are smaller at the comers.
Even though the incident wave is a TEM mode, the discontinuity in the coaxial line will generate higher order modes; however, the frequency is restricted so that the higher order modes are cut off in the coaxial lines, and the distance that the finite element mesh extends into the coaxial lines is chosen to be sufficiently long so that the fields at the input and output planes of the mesh (ports) are essentially TEM. It was determined empirically that extending the mesh a distance of 2b into the line is sufficient for this application.
The elements are generated by rotating the planar triangular elements about the z-axis to sweep out an annular volume. Let I/"' be the volume swept out by element ( e ) , S'" be the surface of the volume, A @ ) be the cross-sectional area of the planar element, and rte) be the boundary of the planar element. In Galerkin's method residual integrals are computed for each of the weighting functions W;. The contribution of element ( e ) to the residual integral for the weighting function Wj is This equation is rearranged to obtain a boundary integral in a form that allows the boundary conditions to be enforced in a straightforward manner:
The weighting functions are chosen to be W; = J r a i ( r , Z )
and H , is expanded in terms of the basis functions The $r term is included to eliminate the 1 / r terms in (12); this makes it possible to evaluate and store the resulting integrals in universal matrices. The basis fuhctions are the interpolation polynomials for the elements. Triangular elemebts of first order have three linear basis functions, and the triangular elements of order n have ( n + 1 ) (n + 2)/2 polynomial basis functions of order n, one for each node of the elements [7] .
After using (13) and (14) and evaluating the Q, integral, (12) becomes
where d? = ii dI' is normal to the boundary. Here E , and p, are restricted to be constant in each element to simplify the evaluation of the integrals. The area integrals are evaluated and stored in universal matrices using techniques similar to those of Silvester elements, the boundary integrals will sum to zero when ti V(rH+)/Zr is continuous across the boundary. When the total residual equations are assembled, these integrals are replaced by their desired value, zero. This will tend to force A -V(rH$)/Zr to be continuous across the boundary between the elemen_ts, which is equivalent to the tangential component of E being continuous across the bound-P = ncdeswith rHI numerical errors, p and r are calculated from the average values of rH6 over the cross section of the coaxial line at the input and output ports. The reflection coefficient is the ratio of the reflected wave to the incident wave:
nl nodeswith HI l c ary. The boundary integral also gives the correct "natural
boundary condition" for a perfect electric conductor, ti V(rH,) = 0 . The boundary conditions for the tange_ntial component of H ( H + ) and the normal component of E are met by forcing H6 to be continuous across the boundary. The boundary condition for a perfect magnetic conductor and for boundaries with r = 0 is H6 .= 0.
At the input port a boundary condition that will inject the incident wave and absorb the reflected wave is needed, and at the output port a boundary condition that will absorb the transmitted wave is needed. These boundary conditions are derived assuming that only the TEM mode exists at the input and output ports. The boundary conditions are derived from the differentiated transmission line equations; for the input port, where HI is the value of the incident field at the input port, and for the output port, These boundary conditions are applied by substituting them into the boundary integrals; then, the boundary integrals are evaluated and stored in universal matrices in a manner similar to that used for the area integrals.
The reflection coefficient p and transmission coefficient 7 are obtained from the fields at the input and output ports. The fields at the input and output ports are essentially TEM; thus, rH, should be constant at the ports; however, rH$ calculated with the FEM will not be exactly constant due to numerical errors. To minimize the effects of these where nl is the number of nodes on the input port. The transmission coefficient is the ratio of the transmitted wave to the incident wave:
where no is the number of nodes on the output port.
1V. RESULTS
The dielectric properties of two materials with known permittivity were measured to experimentally verify the technique. Fig. 5 is a sketch of the fixture that was constructed for the experiment. Plastic alignment plates with steel alignment pins are used to keep the fixture aligned. Each of the center conductors is supported by the bead in the connector. The diameter of the outer conductor of the coaxial lines is 2b = 7 mm and that of the inner conductor is 2a = 3.04 mm, and c / b = 10. Fourth-order elements are used in the finite element mesh, and the number of elements and nodes in the mesh varies from 74 elements with 681 nodes to 178 elements with 1529 nodes depending on the thickness of the sample. sion coefficients are graphed in Fig. 6 as a function of frequency. The magnitude is seen to vary from approximately -70 dB to -4 dB, and the phase is seen to vary approximately linearly with the frequency. The magnitude is smallest for the lowest frequencies and the thickest samples. The lower frequency limit for the technique is determined by the smallest transmission coefficient that can be accurately measured (both magnitude and phase). These measured transmission coefficients were inverted with a numerical root-finding routine using the finite element model for the fixture to obtain the complex relative permittivity of the samples.' The real and imaginary parts of the complex permittivity Zr = E' -E ; are graphed as a function of frequency for the five samples in Fig. 7 . Note the expanded vertical scales on the graphs. The values of E are seen to vary from approximately 2.02 to 2.15. The samples were obtained from a local supplier and were not cut from the same block of material; thus, the differences in the measured permittivities in Fig. 7 may be due to actual differences in the samples. The magnitude and phase of the measured transmission coefficients are graphed in Fig. 8 as a function of frequency for the two samples. The magnitude is seen to vary from approximately -40 dB to -5 dB, and the phase is seen to vary approximately linearly with frequency. These measured transmission coefficients were inverted, and the real and imaginary parts of the complex permittivity obtained. These are graphed as a function of frequency for the two samples in Fig. 9 . The values of ;; are seen to be approximately 9.25 for the thicker sample and 9.6 for the thinner sample. The value of ; ; is seen to be approximately 0.05. The manufacturer's data sheet for the alumina indicates that ;; = 9.58 and ;: = 0.003 at 10 MHz; and E, ! = 9.30 and E : = 0.01 at 1 GHz. The differences in the measured permittivity for the two different thickness samples are not due to actual differences in the permittivity of the samples but are most likely due to a variation in the contact capacitance between the ends of the center conductors and the samples. To explain how the contact capacitance can affect the measured permittivity, consider the simple model sketched in Fig. 10 where the sample is placed in an ideal parallel-plate capacitor. This is an approximate model for the capacitance between the center conductors. In the mode, a thin air gap exists between the sample and the plates of the capacitor. In the ideal case, the gap has zero thickness and the capacitance is where A is the cross-sectional area of the capacitor and t is the thickness of the sample. In an actual measurement, the gap may have a finite thickness; then A+o 2g; , + t€* c, = where g is the thickness of the gaps. If the capacitance Cm is measured and the capacitor is treated as if there was no gap, the permittivity obtained, Z , = C , t / A , would be in error. The percentage error in the permittivity is The error is zero when g = 0. The error is 4% when t/g = 500 and Zs/e, = 10. The thickest sample of alumina was 1.543 mm thick. Thus, an air gap of only g = 1.543/500 = 0.003 mm (=0.0001 inch) would cause a 4% error in the measured permittivity for the sample. Note that for a small error, the error is approximately proportional to the permittivity of the sample; thus, the gap is more of a problem for higher permittivity samples.
To try to minimize the effect of the contact capacitance, two techniques were tried. In the first technique, small drops of water were placed on the ends of the center conductors before the sample was placed in the fixture. The water then fills the gap when the fixture is assembled. Since the water has a relatively high permittivity, approximately 80, the error should be reduced by approximately a factor of 80. In the second technique, small drops of silver paint were placed on the ends of the center conductors before the fixture was assembled. The paint is allowed to dry after the fixture is assembled. The paint would then fill the gaps. This should eliminate the contact capacitance. The problem with both of these techniques is that it is hard to get the correct amount of water or paint into the gap. If too little is used, the gap is not filled; and if too much is used, the water or paint is forced out of the gap and will introduce another error. Neither one of these techniques is completely satisfactory. The measurements for the alumina were made using the water drops. The inaccuracy in choosing the amount of water is the reason for the differences in the values of the permittivities for the two samples. The measurements for the Teflon were made without using the water or paint drops. It is not known whether the differences in the measured permittivities between the Teflon samples are due to actual differences, contact capacitances, or other errors.
Another way of dealing with the contact capacitance is to metalize the portions of the sample that contact the fixture. This technique works well, but it requires that the sample be accurately metalized and placed in the fixture so that it is accurately aligned with the center conductors. The best solution is to build a fixture that is mechanically rigid. The center conductors for the fixture used in this work are supported by only the connector beads and, thus, cannot be pressed up against the sample with much force. If the mechanical support for the center conductors were much stronger, the center conductors could be pressed against the sample with greater force which would help eliminate the gap.2 In addition, the faces of the fixture could be machined more accurately by lapping them after the center conductor is installed. This would help eliminate the gap, since the end of the center conductor would be flatter and more closely parallel to the conducting plate.
V. CONCLUSIONS
A technique for measuring the constitutive parameters of materials over a broad range of frequencies was developed in this work. The technique was experimentally verified by measuring the permittivity of Teflon and alumina samples. Even though both the Teflon and the alumina used in the verification are low-loss materials, the technique is valid for materials with moderate and high loss. The lower frequency limit of the technique is primarily set by the capacitance between the center conductors. At *The mechanical support for the center conductor could be made stronger by pressing a hard plastic bead into the air lines or by using semirigid coaxial lines instead of the air lines.
lower frequencies, the transmission coefficient becomes very small, because the capacitive coupling between the center conductors is very small; the inaccuracies in measuring the small transmission coefficient set the lower frequency limit. The upper frequency limit is set primarily by the thickness of the sample and the outer diameter of the radial line. The sample must be sufficiently thin so that the open end of the radial line does not radiate a significant amount, and the outer radius of the radial line sets range for which the ratio 1 Y,/Y, 1 is large.
